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The objective of this paper is to develop a control system design method that 1) recognizes the time dependence
of the thermal distortion due to orbital motion and 2) controls variables that are directly related to far-field
performance for Earth-pointing space antennas. The first objective is accomplished by expanding the distortion
into principal components that are orthogonal in space and time. Actuator strokes become a linear combination
of the time-dependent components. The spatial components provide a natural space in which to determine the
optimal actuator locations and act as basis vectors for extrapolating sensor measurements to the entire antenna
surface. The approach for the second objective is to expand the far zone electric field in a Zernike-Bessel series.
The coefficients of this series provide a reliable measure of far-field performance and a natural cost function for
designing the control system. The method accommodates tapered feeds and arbitrary polarizations. Simulations
are performed for a geosynchronous radiometer to determine the effectiveness of the control system under
variations in solar geometry, structure materials, and thermal properties.
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€, 14,7 = free space permittivity, permeability, and
impedance

€as€ap = rod effectiveness and correlation ratios

= electromagnetic wavelength, m

0,0, = coordinates of antenna surface point

T = nondimensional radius,
(p/a) sinf=QF/a) tan(6/2)

¥ = wave aberration function, m

w = electromagnetic angular frequency, s—!

1. Introduction

ISTORTION of large space antennas can be due to a

number of causes, many of which must be corrected in
orbit. Methods for correcting surface distortions due to manu-
facturing and fabrication tolerances!?> and structural vibra-
tion’ have been reported. Controlling thermally distorted
space antennas has received limited attention even though con-
trolling thermal distortions of Earth-based optical telescopes is
an active research area.* Methods have been developed for
single orbital heating conditions (i.e., static shape control)
based on minimizing the rms surface deviation, and optimal
actuator locations have also been determined for the same
case.’ No studies address the temporal variation of the distor-
tion field and the subsequent effect on the optimal locations.
In addition, surface rms may not be the most appropriate
objective function since space antenna feeds may be highly
tapered and surface errors in highly illuminated areas will
degrade performance more than the same error in other areas.
This paper presents a method for designing a system to control
the effects of thermal distortion on antenna performance due
to the temperature variations in orbit. The method recognizes
the time dependence of the distortion in determining actuator
locations and also controls variables that are directly related to
antenna performance.

II. Antenna Performance

The performance of a space antenna is characterized by its
far zone electric field pattern.® Specific performance parame-
ters include gain, cross polarization, side lobe levels, and beam
efficiency. These parameters are related to antenna surface
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shape by nonlinear functions and consequently are not desir-
able linear control system objectives. One approach to con-
trolling such parameters for the case of manufacturing errors
was solved as a nonlinear programming problem.! Though
computationally intensive, the study showed the benefits of
directly controlling electromagnetic parameters in lieu of the
traditional rms surface deviation.

For distortions that are small relative to the wavelength, it is
possible to expand the far zone electric field in a Zernike-Bessel
series,” and in so doing a quadratic cost function naturally
appears. A summary of this derivation is presented here. The
coordinate system is shown in Fig. 1, where the origin is at the
parabolic focus (feed).

The electric field incident on the antenna from the feed is®

P V2 n—jkp
Ei(p.0,0) = {\/n/é = G(G,w)z £ e
™ p

Such an incident electric field induces surface currents of®
Js = 2Ve/p [en x (e, X E})]
where e, is normal to the surface. These surface currents pro-

duce a far zone electric field given by an integral over the
surface of the antenna®

jwue - JjkR
47R

E= “JS exp|jkple,-€r)] dS
S

Substituting for Jgand E;, letting u = e, X (e, % €;) and collect-
ing terms outside the integral into C; gives’

—iko(l—e. -
E=cC ﬁux/@ exp kol =e,-en)] | 1)
o

S

This is the fundamental integral of physical optics, and nu-
merical evaluation methods include two-dimensional quadra-
ture and infinite series expansions.?® The interest here, how-
ever, is in obtaining an analytic cost function that will measure
the contribution of the distortion of the antenna to the far-
field pattern. To this end, two assumptions are made: first,
only the effects of antenna surface distortion on the phase of
the reflected rays will be considered, and second, angular devi-
ations from the central beam © = 7 and the ratio of wavelength
to focal length (A/F) are both considered small to first order.
Neglecting second-order terms and after considerable algebra,
Eq. (1) becomes’

2r 71
kY
E=C§ X uvG [I—ZSinZ—Z-—j sink\If]
0

0

X c0s6/2 exp [jkar sin®)] cos(® — )7 dr de @)

Y
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Fig. 1 Coordinate system.

where

Jjupa? lexp—jk (R +2F) P
C=- [ | N

2xRFy T

In Eq. (2), the surface distortion is represented by ¥, the wave
aberration function'® in the aperture plane (i.e., the plane
z =0). For a parabolic reflector, the distance traveled by a ray
from the focus to the aperture plane is 2F; ¥ is the distance
traveled by a ray from the focus to the aperture plane of the
distorted antenna minus 2F. Under the earlier assumptions,
¥ =(1+cosf)bz and is linear in the surface distortion.” For
shallow reflectors, ¥ is twice the z component of distortion.

The final step is to reduce Eq. (2) to an infinite series by
using a Zernike polynomial expansion.!® The Zernike polyno-
mials, Z,u(7,¢:¢nm)=Rum (1) cosm (¢ — ¢nm), are orthogonal
on the unit circle, complete with respect to the ring of polyno-
mials in x and y, and defined for n from 0 to o and for m from
0 to n with n-m even. The Zernike radial polynomials in
the normalized radius are R ,,,(7). Assuming that U, V, and W,
as defined later, admit to Taylor series expansions, then 4,,,,
Bos Cims @nms Brms and v, exist such that

U0,0) =uVG c088/2 = 33 A Z (7,0, pm) 3
n,m
L kY
V(0,0) =2U0,9) sin* =~ = Y BinZin(1,0.8m) (@)

W(esﬁo) = U(0,¢) sink¥ = E Cannm(Tv‘P"Ynm) (5)
n,m

Note that 7 and € are equivalent variables. Introduce these
expansions into Eq. (2) along with the well-used expansion of
the exponential in Bessel functions

exp [jkar sine] cos(P — ¢) = Jy(kaT sinB)

+2 Y, j2J,(katsin®) cos p(®—¢)
p=1

and integrate with respect to ¢ term by term using the usual
Fourier orthogonality conditions. The remaining integral over
7 is performed by using the relation'?

1
j R (1) I (y7)7 dT = (— 1)/ o1 (¥)

0 Y

Equation (2) is thereby reduced to the infinite series

In .
E=27CY ~+—7'(7—)EJ'"(1 +6%)(— D)in-m/@

X { A COSM (P~ 0tpn) = By COSM(R = Brm)

—JCr cOsm(® — 'Ynm} (6)

The coefficients 4,,, determine the far zone electric field of
the undistorted reflector and the coefficients B,,, and C,,
determine the contribution to the field due to the distortions of
the reflector. Ay determines the undistorted field along the
centerline (0 =) and will be used later to normalize results
presented in decibels. Explicit expressions for 4,,,, B,,, and
C,. and the corresponding phases can be obtained using in-
verse integral relations.!? For example,

Com e/vmm —

2 27 [*1 )
g S Wr,o)Rm(ne/™rdrde  (7)
7anm JO JO

where N, = (1+6%)/(n + 1) normalizes the integral of each
squared Zernike polynomial over the unit circle to unity.!!
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III. Cost Functions

The control system must restore the thermally distorted
far-field pattern to an acceptable level of agreement with the
undisturbed pattern. The B,,, and the C,,, determine the con-
tribution of the surface distortion to the far-field pattern. A
natural objective would be to minimize their contribution in
some quadratic manner. One such measure is

2
JIEENnanm'Cnmz_jSW'WdS (8)
T
S
where the equality follows from Parseval’s theorem. For the
level of distortion acceptable for radiometers, |¥|<(\/4)
=(n/2k), so 2 sin*(k¥/2)<|sink ¥| and, consequently,

[-vss<[jow-wos

N

Thus, by Parseval’s theorem,

E Nntnm . Bnm < ENnanm ° Cnm
n,m

n,m

and controlling the latter sum assures control of the former.
To complete the process of linearizing the problem, it is as-
sumed that k¥ is sufficiently small that the small angle ap-
proximation is valid. The C,,, are now linearly related to re-
flector displacements and the cost function J; is therefore
quadratic in the displacements. A quadratic penalty in actua-
tor stroke could be appended to J; for a slight additional
complexity in the algebra to, for example, limit structural
stress. The problem has thus been put into a traditional control
problem format. Noted that J; is approximately the surface
deviation rms for linearly polarized antennas with uniform
aperture power. J; will be called the ‘‘Zernike-Bessel’’ cost
because it was from Eq. (6) that the contribution of each term
in Eq. (2) could be related to the far-field power. However, in
what follows, J; will be calculated using the integral part of
Eq. (8) rather than Eq. (7).

Still no consideration has been given to the fact that the
antenna distortions and therefore the C,,, are time dependent.
To include the temperal variations of the distortions, the
‘‘Zernike-Bessel average cost” is defined by

1” 1”7
Jp = — Ji()ydt = = Nnmcnm : Cnm
2 Pjo 1(0) Pj r a  ©9

0 n,m

Recall that for the undistorted antenna E(w,0)=7CAgy.
Possible goals for the control system might be to control
Ji/Agy-Ago Or Jo/Agy- Ao to be less than — 20 dB, since this
would imply that the terms in Eq. (6) representing the antenna
distortion are contributing no more than 1% of the power at
the center of the beam. In the following, it is assumed that the
control system articulates only the antenna surface. An alter-
nate approach is to assume that the feed location can also be
changed to control piston!! (Cy) and tilt (Cy;). This would be
equivalent to locating the feed at the focus of the ‘‘best fit
parabola’ and evaluating Eqs. (3-5) based on that parabola.

IV. Principal Component Decomposition

The temporal variations can be included in the development
of optimal actuator locations by performing a principal com-
ponent decomposition of the linearized version of W given by
Eq. (5). The salient feature of principal component analysis, as
used here, is the ability to decompose a time-dependent spatial
vector field into components that are both spatially and tem-
porally orthogonal.

For a sufficiently large number of points (7;,¢,),i=1,...,N
suitably distributed over the aperture 0<7=<1, 0< ¢ <2, the

quadrature for C,,, exp jy.m(f) of Eq. (7) can be approxi-
mated by

2 N ;
N El Wi, 0i)Rum(r;) e/ AS (10)
nm i=

where AS =7; d7; dg; = w/N is independent of /. With such a
set of points, form the N X 3 matrix

G(t) = [W(Tla‘pl’t)’ W(TZ"prt)"'-9W(TN,‘PN9I)]T (11)

The discussion of the principal components follows the devel-
opment of Moore.!? Form the Grammian:

P
H = 1 j G(HGT(r) de (12)
P Jo

where H is a symmetric, positive, semidefinite matrix with
nonnegative ‘‘principal eigenvalues” o?=>¢2... 2 0% =0 and

real, orthogonal, unit ‘‘principal eigenvectors’’ e;,e,,...,en.
G can be expanded in terms of the eigenvectors as

N
G=Y eg/(N=EG, (13)
i=1

where the eigenvectors are columns of E and the ‘“principal
component amplitudes”’

gi(1) = G'(t)e; (14)
are rows in the N X 3 matrix G,. Equation (13) is therefore an
expansion of G in a set of time-dependent, spatially orthogo-

nal ‘‘principal components” e;g7(¢) that are also temporally
orthogonal since!?

1 (P
P jo g,,T(t)g,,(t) dr = 02 x4 (15)

For later reference, note that from Eqgs. (13) and (14)

N
IGIi* =Gl * = ; &l 8 (16)

The Zernike-Bessel costs of Egs. (8) and (9) can now be related
to the principal component decomposition. First

N N y
1G|l2=1tr GGT = ; IW(ri,e:i,0|%= . ﬂ W (r,0,0)|2dS

N

But
T s
2dS = = Y NupmCo - Con = = J,
jj Iwizas =3 ¥ T
Thus,
2 2 X
h=lGI2 = Tele an
Also
' 1 (7 N ({* N
2=t H=—g trGGTdi = — | Jidt =—J
nzs:lal f P 0 f 2P 0 ! 2 2
So

X (18)

One of the rationales for using the principal component de-
composition is the expectation that the eigenvalues decrease
rapidly so that J, is dominated by a small number of eigenval-
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ues. In this case, the control system will be required to control
only the far-field distortion due to the eigenfunctions corre-
sponding to the reduced set.

V. Control System Design

The system under discussion is similar to a static shape
control system, and consequently the issues are how many
sensors and actuators should be used, where should they be
located, how should the actuators be controlled, and how
should the sensor data be processed. In this section, the actua-
tor control laws will be derived assuming perfect knowledge of
the distortions, a method will be given for determining optimal
actuator locations using the Zernike-Bessel average cost, and a
method for processing sensor data to directly estimate the
contribution of the distorted shape to the far field will be
presented.

Control with Actuators Fixed

First consider a system when the actuator locations are
known. Let there be M actuators at preselected sites. For the
«th actuator a=1,...,M, aunit stroke will produce a reflector
surface displacement field that can be converted to a phase
function ¥.(7,¢) and then by Eq. (5) to a W (7,¢) field. As
was done earlier for the thermal distortion field, the control
field can be discretized to form a N X 3 matrix for each of the
M actuators

Ga = [Wa(Tl "pl)’ Wa(TZ"p2)7 Wa(TNa‘pN),]T (19)

Let s, represent the stroke of the ath actuator. The goal is to
select a set of s, so that the difference 6G between the thermal
distortion and the actuator-induced distortions has minimum
Fuclidean norm, that is, minirmize

M M 2
”56|| = 'G* E 5. Gof = |G — E SaFea (20)
a=1 a=1
where G, is given by Eq. (13),
N
Gu=Eei L;{;»:EFeon fﬂszgei
i=1

is3x1land F, =ETG, is N x3.

This is a classical least square problem of finding the M
values of s, that minimize the sum of squares of the elements
in the 6 G matrix. In terms of G and G,, the usual solution
approach gives

G« + Gy, Gy + Gy Sy G+ G,
Gl*+Gz, GM*+GZ Sy G*+G7_

: : = @)
Gy + Gy, Gusx+ Gy | | Sk Gi+Gy

where A . + B is a shorthand notation for the sum of the ele-
ment-by-element products of 4 and B, e.g.; ||4||2=(A4 « +A4).
The solution gives §, the vector of optimal actuator strokes
that minimizes the Zernike-Bessel cost at any time.

In terms of G, and F, , Eq. (20) relates the optimal strokes
to the principal component amplitudes. From this form, it is
seen that the solution will give the s, as linear combinations of
the components of G,., which are the time-dependent ampli-
tudes of the principal components. Consequently, the optimal
control for each actuator will be a linear combination of the
principal component amplitudes. Actuator bandwidth can
thus be determined by Fourier analysis of G,.

Optimal Actuator Locations

In previous papers,’ optimal actuator locations have been
determined based on the single location in orbit that produced

the worst thermal distortion. The performance of such a set
was not evaluated at other locations in orbit. In this paper, the
approach is to select the optimal locations based on the aver-
age performance over the orbital period. The relative advan-
tages of these two approaches will be case dependent, and both
approaches should probably be tested before locations are
finalized. Consequently, for a fixed number of identical actu-
ators M, the optimal actuator configuration will be defined as
the one that minimizes J,. To address this optimal location
problem, it is convenient to put Eq. (20) into a standard vector
least square format. Form the 3N vector y, the 3N X M matrix
F, and the M vector s:

81 f1,, fM1 S1
g f s f S

y= |, P2 T s 1T @
1-4Y Sins o Iy Sm

In this notation, ||6G| = ||y — Fs||, with the least square solu-
tion § given by §=[F7F1-'FTy. The minimum norm is
166Gl 2=y — F3|| 2=y TPy, where P is the idempotent projec-
tion associated with the least square estimator,

P=1I-F(FTF)"'FT (23)

So
2 ~ 2
==16 2= — yTp
Ji NII G| ~7 B (24

In the case of a linearly polarized aperture electric field, both
G and G, are vectors, and an explicit relation between the
minimum norm and the eigenvalues can be obtained. When
y(i)=g;, then

R N N
I6G|*= L X eiP(i.))e;
i=1j=
Recalling Eq. (18), form the integral over the period to get

NN o2 [P . al .
h=Y % N—Pg giP(i,j)g;dt = Lo?P(i,i)  (25)
i=1j=1 0 i=1

which is the trace of the projector weighted by the eigenvalues.
Returning to the general case, only y is time dependent in
Eq. (24) so perform the quadrature

1 P
Y(i,j)= I_’X y(y()de
0

The Zernike-Bessel average cost can then be written as

3N 3N

h=5 5 X Y(,)PG.)) (26)
i=1j=1

1t can be shown’ using Cauchy’s inequality and Eq. (15) that
[Y@,j )]250,%’_ o,fj, where k; is the principal component corre-
sponding to y;. Thus, if the eigenvalues decrease rapidly, a
partial sum will be adequate to evaluate Eq. (26) in the search
for optimal locations.

Minimizing J, is a discrete optimization problem with no
known algorithm to obtain the optimum except exhaustive
search.!?* Approximate solutions to similar problems include
identifying the least effective occupied location and the most
effective unoccupied location and interchanging until there is
no improvement in the objective.’ For Eq. (26) it is possible to
develop a method that optimally adds an additional actuator.
Let Pin Eq. (23) and Fin Eq. (22) correspond to some actuator
configuration and P, and F, be the same configuration with
one additional actuator. The task is to find an expression for
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P_ that does not require 2 new matrix inverse. First write
F, =|F,f|, where f is the additional column to be appended to
F for the additional actuator. The required expression can be
developed from the well-known relation for the inverse of a
partitioned symmetric matrix to give

F'F, FTf|-!
T -1
(FiF,)"'= fTE, fTf
_, ., FTF)'FTfTF(FTF)~'  —(FTF)"'FTf
T 1
(R FPf Ty
a —fTF(FTF)-! 1
fref ’ fTPf
Using Eq. (23) for both P and P, gives
_p, BOTPT
P, =P+ 7TPf 27)

Given any configuration of actuators, Eq. (27) provides the
basis for identifying the most effective actuator for augmenta-
tion of the configuration. The final result is, of course, a
suboptimal solution.

For large structures there may be a great number of po-
tential sites, and it is convenient to restrict the total set to a
smaller subset of the ‘‘most effective’’ sites before beginning
any search technique. An approximate means of doing this
is demonstrated for the linearly polarized case. Suppose that
the sensitivity matrix for each of the actuators G,, a vector
for this case, is a linear combination of only the eigenvectors
corresponding to the L largest eigenvalues. Then f, =0 for
i=L+1,L+2,...,N, and so F,_has the form

F,

F, =
0

a

where F; is an L X L matrix that is assumed to have full rank
so that the s, have a solution. In this case,

Py~ F, (FIF,)-'FF, o0 _ 00
0, 0 0 I
so that Eq. (25) becomes
N
n
Jr=—= 0,-2
: Ni:?ﬂ

The L largest eigenvalues are therefore excluded from the cost,
and it can be shown!? that this is the minimum cost for any
L actuators. The result does not extend easily to the general
polarization case but does suggest that a criteria for ordering
potential actuators sites is the ‘‘effectiveness’’ ratio

Z: o{,-foz,» E f:,-fa,» F 2
e = i=1 — i=1 - “ uL” (28)
Y P TV R TN E

i=1

where F,, = G{E; and E; is the N x L matrix of the first L
eigenvectors. Also,

E aT,-foq = “Fea” 2= “Gnt” 2

has been used in the denominator. The effectiveness is a rela-
tive measure of the extent to which the ath sensitivity matrix
can be represented as a linear combination of the first L eigen-
vectors. If ¢,=1, then the columns of G, are vectors in the
hyperplane determined by the first L eigenvectors, and the first
L principal components can be influenced without ‘‘exciting’’
the remaining principal components. On the other hand, when
€, =0, the columns of G, are orthogonal to the hyperplane and

locating actuators at such sites cannot reduce the contribution
of the first L eigenvalues to J;.

Even though ¢, provides a means of ordering the possible
actuator location sites, care must be exercised in the use of
such an ordering. If two sites could produce the same G,,, they
would have the same ¢,, but including both in the potential site
list is clearly redundant. The goal is to pick actuator sites that
are effective as measured by ¢, but are also ‘“orthogonal.”’ One
measure of orthogonality, to be used later, is the rod “‘correla-
tion factor’ for two actuator sites o and 3

L 110

e T— (29)
[1Foa, | 11 Fs,|

60,5

Processing Sensor Data

Assume the availability of S sensors that measure the dis-
placement of the reflecting surface from the nominal shape
and M actuators. With M = S properly located actuators, it is
straightforward to eliminate the distortion at the S measure-
ment locations, and with M < S the error can be reduced in an
rms sense. In either case, there is no physically meaningful way
to calculate displacements at other locations on the surface,
perhaps limiting the effectiveness of the measurements. To
overcome this situation, the principal components, which rep-
resent the expected global deviation, are used to effectively
extrapolate the measurements to the entire surface. First the
measurements are converted into phase shift ¥, then the phase
shift field is expanded in principal components, and finally the
amplitudes of the principal components of Eq. (15) are esti-
mated from the measurements. The minimum number of sen-
sors is thus the number of principal components that must be
controlled to meet the performance goal. Once the principal
component amplitudes have been estimated, an estimate G
of G can be made using Eq. (13). Then the actuator strokes s,
will be selected, using Eq. (21), to minimize the norm of

M
G =G ~ ¥ 5,G,
a=1
where G is an estimate of G obtained from the sensors.
Before formulating an estimator for G, note that the three
columns of G are not independent, since they are just the three
components of W in Eq. (11), which are related by the three
components of u through Eq. (5). Thus if one component is
known, the other two can be calculated. Conversely, there is
only a need to estimate the amplitude corresponding to one
column of the G matrix. For example, if the y component is
selected, Eq. (13) reduces to W, = Eg,.Since the chosen com-
ponent is arbitrary, the subscript will be dropped in the follow-
ing. Let P be the number of components of g to be estimated
from S measurements. The observation equation is therefore

W, =Eyg, (30)

where W is the measured vector, g, is the P vector to be
estimated, and E, is an S X P matrix of the appropriate ele-
ments of E of Eq. (13). Assuming zero mean measurement
errors for W, Eq. (30) becomes a classical estimation problem
with minimum variance solution

8, =1ELT'E, 1 'EIT-'W, 3

o
where T' is the covariance on the measurement vector W,
which is calculated from the covariance on the fundamental
measurements of surface displacement.

From g,, the entire column W of G is obtained by

W=E,z, (32)
where E, are the appropriate columns of E. The other two

columns of G can be calculated as mentioned earlier to give the
final estimate G.
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The remaining problem is how many sensors to place on the
surface and where to place them. Like the optimal actuator
location problem, this is a discrete optimization problem and
there are a number of discrete optimization approaches!? that,
for example, maximize the trace of the information matrix
associated with Eq. (31).

VI. Validation Studies

In this section the previous developments will be tested using
(Fig. 2) a 55-m tetrahedral truss, space radiometer.!> Specific
structural properties’ have been slightly modified’ to provide
adequate buckling margin with the 1-mm strokes of the actua-
tors. The antenna is assumed to be in a geosynchronous orbit
(GEO) with the z axis of the antenna (Fig. 1) pointing directly
away from the center of the Earth and the y axis normal to the
orbit plane in the same direction as the orbital angular momen-
tum vector. Temperature deviations for each structural rod
were calculated using the time-dependent energy balance equa-
tion.!® Temperature differences between individual rods at
some positions in orbit are over 150 K. From these tempera-
ture calculations a linear structural analysis yields the displace-
ments of the truss grid points. To calculate reflecting surface
distortions from these grid point displacements, it is assumed
that a reflecting knitted mesh is supported on the truss struc-
ture and that the triangle of mesh between structural nodes
behaves like a rigid surface. The displacement of any point on
the mesh is thus modeled as a linear combination of the dis-
placements of the three truss nodes surrounding the point.

Fig.2 55-m tetrehedral truss.
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Fig. 5 Far-field pattern at maximum cost Jj.

The 55-m antenna has a focal length of 82.5 m. An operat-
ing frequency of 30 GHz is assumed along with a y-polarized
feed so that u has the form given by?

cosf/2 [
V1 —sinZ¢p sin26

+ (1 -2 sin%¢ sin20/2)e,, + sing cos sin/2 ez]

u= —sin2¢ sin20/2 e,

High-resolution radiometers will have highly tapered feeds
to increase beam efficiency by suppressing the side lobes. A
—30dB level is used as the design value for the undistorted
surface. The control system will not be able to maintain the
—30 dB level, so the goal for the control system will be to
maintain the side lobes below —28 dB. To meet the —30 dB
design level, a cosine power law? is used for the feed gain
function of Eq. (1):

G(6) =126cos%20, 0<f=< and G(0) = 0 otherwise

Kl
2
Figure 3 shows four sections through the far-field pattern

for a parabolic surface with this taper. Theta and phi are the
far-field angles © and ® from Fig. 1. The first side lobes are
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Fig. 6 Principal component eigenvalues.
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Fig. 7 Variation of power for first and fourth PCs.

seen to be at the —30 dB level. The difference between the
sections could be reduced by selecting a smaller spacing for the
numerical integration, but the 1-dB difference in the first side
lobe is accurate enough for the purposes here.

Control with Perfect Knowledge

This section will discuss the design and performance of a
control system assuming that there is perfect knowledge of
the system and its environment. The system will be designed
with the nominal conditions being the Sun at equinox and
the shadow of the Earth neglected. At orbit position zero,
the Earth and Sun are at opposition as seen from the space-
craft. With these assumptions, the design proceeded by map-
ping the thermal distortions into the radio frequency (RF)
parameters, by performing a principal component analysis, by
determining optimal actuator locations, and finally by deter-
mining the optimal actuator strokes.

1. Mapping Thermal Distortion into RF Parameters

The G(¢) matrices of Eq. (11) were calculated at 180 equally
spaced orbital positions. During this process, the value of J;
of Eq. (17) was determined to identify the orbital position
(Fig. 4) where the far field will be most distorted. A double
extrema in J;, referenced to 43,, occurs when the Sun is illumi-

nating the edge of the antenna, which is the position of maxi-
mum temperature differences between structural rods. The
corresponding far-field pattern (Fig. S) is unacceptable when
compared to Fig. 3 because of the central beam broadening
and the increase in side lobe levels. Note that, for 50% of
the orbit, the value of J; exceeds — 20 dB. It will be seen later
that this is about the maximum value of J; that will meet the
— 28 dB side lobe goal.

2. Principal Component (PC) Analysis

The Grammian H of Eq. (12) is approximated by averaging
the 180 GG T matrices from which the 20 largest eigenvalues of
H and corresponding eigenvectors were extracted. The eigen-
value results are shown in Fig. 6, and the variation of the
power, glg; from Eq. (16), for the first and fourth PCs is
shown in Fig. 7. Each PC is expected to contribute its maxi-
mum distortion to the far field at the time of maximum ampli-
tude. The first PC with maximum J; cost of +3 dB
must clearly be controlled, and the fourth, with a maximum J;
of —19.9dB, is a borderline case at — 28 dB (Fig. 8). The fifth
and higher PC can be neglected except for any spillover ef-
fects. From these and other’ results, a criterion of —20 dB is
selected as the maximum value of J; that is acceptable. That is,
acceptable performance can be maintained as long as the dis-
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Fig. 8 Far-field pattern for first and fourth PCs at maximum power.
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tortion part of the far field contributes no more than 1% of the
peak power.

3. Optimal Actuator Locations

Initially, all 420 rods in the structure (Fig. 2) were consid-
ered as potential sites for the actuators. To perform the initial
screening using Eq. (28) requires an assumption of the number
L of PCs to be included in determining the effectiveness e,.
Step 2 earlier suggests that L must be 4 or greater. Selecting L
to be 4 would assure control under the nominal conditions but
may not provide a robust system that can accommodate off-
nominal conditions that no doubt will “‘excite’’ higher PCs.
On the other hand, picking L too large assures that higher PCs
will be “‘excited’’ while controlling only the lower PCs. Two
values of L (5 and 10) were selected for testing, and for both
cases it was found that the 156 front surface rods (Fig. 9)
produced larger average values of ¢, than did either back sur-
face rods or intermediate rods,” and no further consideration
was given to back and middle rods. A pairwise comparison was
made using Eq. (29), and the least effective location of any
pair with €,5>0.99 was removed from consideration, leaving
65 and 82 candidate sites when L =35 and 10, respectively.
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o L I ]
(o] 40 80 120 160

Front surface rods (1 to 156)

Fig. 9 Rod effectiveness ratio ¢, for L =5.
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Fig. 10 Effect of varying L and M on nominal condition cost.

Having identified the potential locations, a ‘‘two steps for-
ward/one step back’’ approach was used to select the actuator
locations. In this approach, Egs. (26) and (27) are used sequen-
tially to add two actuator locations to the selected set, then the
actuator that has been in the selected set the longest is deleted.
Each cycle of this process only adds one actuator. This proce-
dure provided some confidence in the final results because it
was found that after only a few cycles the deleted location was
generally immediately returned to the set. Though suboptimal,
the process is adequate for the purpose here and is computa-
tionally efficient. Suboptimal locations’ were generated with
5 and 10 principal components (L = 5,10) of Eq. (28) and with
varying number of actuators (5 <M =<20) of Eq. (20).

4. Optimal Actuator Strokes

Given a set of actuator locations, the optimal stroke varia-
tions of Eq. (21) and J; of Eq. (24) can be calculated through-
out the orbit. Actuator strokes were generally less than 1 mm.”
Figure 10 shows the variation of J, for three cases. It was
generally found that the best performance is achieved when M
is slightly larger than L. Though not shown, the first side lobe
isat —29.2 dB for L = M =5; thus, as few as five actuators can
control the far-field pattern to acceptable levels under nominal
conditions. Off-nominal cases, described next, demonstrated
the inability of this system to meet the performance goals.’

Control with Estimated Knowledge and Off-Nominal Conditions

In this case, measurements of surface deviations at one
time are used to estimate one column of the G matrix using
Eqgs. (31) and (32), from which the full G matrix at the same
time can be formed. Then the actuator strokes will be calcu-
lated from Eq. (21) with G replacing G on the right side. No
attempt to optimally locate sensors was performed; rather,
two arrays of sensors were assumed as shown in Fig. 11. Thir-
teen sensors are denoted by circles at the nodes to which the
sensor is assumed to be attached. In the second case, an addi-
tional 6 sensors, denoted by the squares, are on the perimeter
to give a total of 19. These two cases will be denoted by S =13
and 19, respectively. The next issue is how many principal
component amplitudes to estimate using Eq. (31). Two values
were selected for this study, P =35 and 10, respectively.

A performance simulation is characterized by four integers:
L, the number of principal components used to determine rod
effectiveness, Eq. (28); M, the number of actuators, Eq. (20);
P, the number of PC amplitudes estimated from the measure-
ments, Eq. (30); and S, the number of sensors, Eq. (30). In
what follows, the system will be denoted by (L,M,P,S).

\

Fig. 11 Sensor locations on front surface nodes.
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1. Effects of Deviations from the Orbital Conditions

The nominal conditions ignored the shadow of the Earth
and assumed the Sun to be in the equatorial plane. Including
the shadow produced no difficulty for the minimal system
(5,5,5,13)" because when the antenna is in the shadow, it is
nearly isothermal, and shadow effects disappear in a few min-
utes after exiting. When the Sun is at 23.5° latitude, the mini-
mal system is not adequate because of asymmetrical heating
and the number of actuators must be increased to at least 11.7
For L =5and M =11, Fig. 12 shows the influence of changing
S and P on the closed-loop performance. Calculation of
the far-field at maximum J, demonstrates that the system
(5,11,10,13) meets the —28 dB side lobe goal.

2. Effects of System Errors

The control system must also be able to accommodate sys-
tem errors. For example, individual elements of the structure
will vary in cross-section measurements, in elastic modulus, in
coefficient of thermal expansion, emissivity, absorbtivity, etc.
To quantify the effectiveness of the control system, a number
of simulations were performed. In the first simulation, the 420
rods in the structure were assumed to have errors in tensile
stiffness that are uniformly distributed between =+2%.'¢ For
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Fig. 12 Cost for Sun at 23.5° declination.
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Fig. 13 Cost for 2% errors in thermal properties.

this simulation one random sample showed that the (5,5,5,13)
system returned the cost to within 1 dB of the nominal case.

Second, errors in the thermal properties of the structure
were considered, specifically, the coefficient of thermal expan-
sion (CTE), the emissivity ¢, and the absorptivity «. These
parameters directly determine the temperature of the rods
and/or directly influence the surface distortion. The error in
CTE due to manufacturing process would be due to the same
type of errors that produce variations in stiffness; thus, a
2% uniform distribution is assumed for CTE. Optical proper-
ties for coating can vary greatly during the manufacturing
process and can change with age in orbit. However, the rods
for GEO can be uncoated graphite epoxy and nearly black.
Thus, only small variations in « and ¢ are expected. Again a
uniform distribution of 2% is selected. The control system
(5,5,5,13) produced a maximum value for J; of —18.5 dB;
however, the variation of cost throughout the orbit is signifi-
cantly different as seen in Fig. 13. Whereas for previous simu-
lations the cost decreased significantly away from the peak,
this is not true for this case. The reason for this behavior is that
2% variations in the emissivity and absorptivity produce ran-
dom variations in the aperture phase. These random variations
produce a background in J; of about —24 dB that cannot be
corrected by so few actuators. The far zone field does, how-
ever, meet the —28 dB goal.

VII. Concluding Remarks

A theoretical basis has been developed for controlling the
distortions of large space, Earth-pointing radiometers due to
thermal variations during orbital motion. A control system
cost function that is quadratic in form and is directly related to
radiometer performance has been developed by expanding the
far zone electric field in a Zernike-Bessel series. In this expan-
sion a quadratic cost function naturally appears, and it is
found that this cost is a consistent indicator of the deviation of
the far field from the desired pattern. The temporal variations
have been included in the development of the optimal actuator
locations by expanding the aperture integral using a principal
component analysis. It is shown that the eigenvalues are di-
rectly related to average deviations of the far-field pattern
from the desired pattern. Further, the eigenvectors are used as
a basis for directly estimating far-field deviations from sensors
measurements. The approach provides a rationale for deter-

. mining the minimum number of actuators and sensors.

Simulations for a geosynchronous radiometer demonstrated
the need for the closed-loop system and demonstrated that the
method provides a convenient means to design an effective
control system, some physical insight into the design process,
and a convenient means to quantify the influence of various
orbit geometries and deviations of the system due to manufac-
turing and other errors.
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